This paper shows that under the assumption of the out-going radiation conditions at infinity, the time-harmonic acoustic scattered field off a sound-soft solid in a shallow ocean with a fluid-like seabed is unique in
Introduction
The purpose of this paper is to generalize Xu's uniqueness theorem [3] for timeharmonic acoustic scattering in a uniform shallow ocean containing a scatterer to an ocean with a fluid-like seabed. The latter is modeled as a two-layered wave guide. The further extension to a multi-layered is immediate using the same analysis. In order to prove this theorem, we need some notation and a detailed description of the problem which will be treated in this section.
In Figure 1 , M 1 is the water column, M 2 the fluid-like sediment (basement), and Γ their interface. A submersible occupying the region Ω is situated completely inside M 1 . Let Ω ρ be a vertical cylinder with radius ρ big enough such that Ω is completely inside it ( see Figure 1 ). The portion of this cylinder in M 1 and M 2 is denoted by Ω ρ . The remaining notation is self explanatory. The following notation will be used throughout this chapter.
The time-harmonic acoustic scattering is described in terms of the acoustic pressure p. In the water column and the basement, p satisfies the differential equations
respectively. Here k j is the wave number in M j , j 1 ¢ 2 At the surface of the water column, we have a pressure release condition,
Across the interface of the water column and the basement, we have conservation of flux and pressure, namely
where ρ j is the density in M j , j 1 ¢ 2 and the plus (minus) supscript represents the limit when approaching Γ from the region z
We assume a hard sub-sediment at z h and a boundary condition of Dirichlet type on the surface of the scatterer, i.e.
It is well known that outside a cylinder of radius ρ, where ρ is big enough such that Ω
The ψ n £ z¤ comes about by a separation of variables argument, which will be made clear in Section 3.
Since R 3 h is an unbounded region, suitable radiation conditions should be posed at infinity.
where r :
Here a n is the n th eigenvalue of a system, which will be described in the next section. Physically, these conditions mean there is no incoming wave at infinity.
The paper is organized as follows. We started with the analysis of the modal problem in section 2. In section 3, the normal modes representation of the Green's function is given. Using the results in section 2 and section 3, a representation formula for the solution p is derived in section 4. The uniqueness theorem is then stated and proved in section 5.
Modal eigenvalue problem
Recall that the Hankel transformf
and the inverse Hankel transform is as
The modal eigenvalue problem is derived by applying the Hankel transformation with parameter a to the system of (1)-(6) without the object Ω. Denoting the Hankel transformation of the pressure function p byψ, the modal eigenvalue problem reads
Here we have introduced the notation τ 1 :
a 2 . By a direct calculation, we get the characteristic equation of this system
It can easily be checked using integration by parts that an appropriate inner product for this eigenfunction space is
The induced norm is denoted by
Lemma 2.1. There are countably many eigenvalues a n and there exists an N
Proof. The countability, simplicity and discreteness of the eigenvalues can easily be seen from the trigonometric characteristic equation (16). So it suffices to prove that the positive eigenvalues ¢ a n £ are bounded from above. This can easily be proved by considering the characteristic equation (16). The imaginary part of the left-hand side of (16) is positive while that of the righthand side is negative for all a
, so a n must be bounded above by max
The following lemmas can be proved by using Sturm-Liouville type of argument to the modal eigenvalue problem [1] pp.63-66. 
Furthermore,G satisfies the transformed system
, then we just change the right-hand side of (18) to be 0 and that of (19) to be
. We continue to use the notation
may be constructed as follows: first, we find two linearly independent solutions of the homogeneous equations corresponding to equation (18) and (19) that satisfy both (21)and (22), and one solution satisfies (20) while the other satisfies (23). We shall denote the solution byΨ 1
z¤ can be obtained explicitly as:
and where 
where
and H 1¡ 0 is the zero order Hankel function of the first kind.
A representation formula
Let Ω ρ be a right cylinder with the top at z 0, the bottom at z h and radius ρ big enough so the scatterer is contained in it. Ω ρ is divided into two sub-cylinders, Ω
ρ , see Figure 1 . For
ρ , using integration by parts and applying the boundary conditions and transmission conditions, we have
Similarly, for
ρ , we get another identity
Moreover, writing δ:=¨¦ ξ
Letting ε 0 in (27) and (28), by considering (29) and applying the mean value theorem, we obtain
Proof. First, we want to show
Note that for 0 n N, we have a n # 0 and the out-going radiation conditions (9) imply 0 lim
We now consider the integral
On the other hand, by using (1), we have
Comparing (34) and (35), we realize
Using similar reasoning with respect to the cylinder Ω
Now, applying (36) and (37) to (33) and considering the transmission conditions on Γ d ρ , we obtain
From (38), (32) 
By (8), (32) and (39), the lemma is proved. 
we have the following estimates:
Ω, we rewrite the integrals in lemma 4.2 as
By lemma 4.1, (45) and the Cauchy-Schwarz inequality, we have
As for the first term in each integral on the right-hand side of (46), we replace p, G andĜ with their normal mode expansions and apply lemma 2.4 to obtain
In (48) Applying the radiation condition (9), and considering the asymptotic behavior of H 1¡ 0 £ a n r¤ as stated in (40), we may conclude from (48) that
By a similar argument, we can also show the same result for
From lemma 4.2, we get the following representation theorem:
A uniqueness theorem
We want to show that if p
is a solution to the problem , then p 0 in R 3 h . We model our proof on that of Xu's proof in the case of the one-layer problem. See [2] in this regard. Proof. By Green's theorem and (1), we have
Multiplying and adding, i.e. 1 ρ 1
For ρ big enough, we may replace p in (55) with its normal mode representation (8) to get
By applying the orthonormality of By the continuity of p in R 3 h , we have p 0 on Γ and the theorem follows immediately.
